Drag of a Heated Sphere at Low Reynolds Numbers in the Presence of
  Buoyancy by Ganguli, Swetava & Lele, Sanjiva K.
Drag of a Heated Sphere at Low Reynolds Numbers in the Presence of Buoyancy
Swetava Ganguli1, 2, ∗ and Sanjiva K. Lele1, 3
1Department of Mechanical Engineering, Stanford University, Stanford, CA 94305
2Department of Computer Science, Stanford University, Stanford, CA 94305
3Department of Aeronautics and Astronautics, Stanford University, Stanford, CA 94305
Fully resolved simulations are used to quantify the effects of heat transfer in the presence of
buoyancy on the drag of a spatially fixed heated spherical particle at low Reynolds numbers (Re)
in the range 10−3 ≤ Re ≤ 10 in a variable property fluid, extending the analysis presented in
[1]. The amount of heat addition from the sphere encompasses both, the heating regime where the
Boussinesq approximation holds and the regime where it breaks down. The particle is assumed
to have a low Biot number which means that the particle is uniformly at the same temperature
and has no internal temperature gradients. Scaling buoyancy with inertial and viscous forces yields
two related non-dimensional quantities, called Buoyancy Induced Viscous Reynolds Number (ReBV )
and Buoyancy Induced Inertial Reynolds Number (ReBI). For ideal gases, ReBV is analogous to the
Grashof number (Gr). No assumptions are made on the magnitude of ReBI (or equivalently ReBV ).
The effects of the orientation of gravity relative to the free-stream velocity are examined. Large
deviations in the value of the drag coefficient are observed when the Froude number (Fr) decreases
and/or the temperature of the sphere increases. Under appropriate constraints on ReBI and Re,
the total drag on a heated sphere in a low Re flow in the presence of buoyancy (mixed convection)
is shown to be, within 10% error, the linear superposition of the drag computed in two canonical
setups: one being the drag on a steadily moving heated sphere in the absence of buoyancy (forced
convection) and the other being natural convection. However, the effect of temperature variation
on the drag of a sphere in both, forced and natural convection, is significant.
I. INTRODUCTION
Natural or free convection is the motion of a fluid
around a body caused by density gradients in the pres-
ence of gravity. Common causes for density gradients
could be heat or mass transfer. Many phenomena in
geophysical flows and meteorology are governed by the
principles of flow resulting from density stratification in
the presence of gravity. Many engineering processes like
vaporization, condensation and heat transfer in packed
beds rely on natural convection. This has led to many
detailed studies of buoyancy driven flows [2] and their hy-
drodynamic stability [3]. Some exact solutions for flow
in stratified fluids have also been derived [4, 5]. Similar-
ity solutions have been derived for buoyant plumes and
thermals [2, 6] while a detailed theory for the phenomena
of fluid entrainment by buoyant plumes was provided by
Townsend in [7].
Focusing on the case of heat transfer, temperature gra-
dients can cause the distribution of the body force in the
fluid to be non-uniform which in turn generates fluid mo-
tion. The density of the fluid in the low Mach number
(Ma) limit is inversely related to the temperature via a
multiplicative constant that is proportional to the ther-
modynamic pressure of the fluid. This dependence be-
tween density and temperature causes the fluid continu-
ity, momentum, and energy equations to be coupled. The
larger the magnitude of these temperature gradients, the
stronger is the coupling between these equations. This
coupling is expressed in terms of the Grashof number
∗ Corresponding Author. EMail: swetava@cs.stanford.edu
(Gr) which is the ratio of the buoyancy force and the vis-
cous force acting on a fluid. Closely related to Gr is the
Rayleigh number, Ra = GrPr, where Pr is the Prandtl
number. Coupling between the continuity, momentum,
and energy equations renders their solution intractable
to pen-and-paper analysis. However, some simplifying
assumptions can be made when the governing parame-
ters of the natural convection problem are constrained.
Early solutions of the coupled equations either invoked
the boundary layer approximation (suitable for large val-
ues of Reynolds number (Re) and/or Gr justifying the
thin boundary layer assumption while neglecting curva-
ture effects) or linearized the governing equations paving
the way for the method of matched asymptotic expan-
sions [8]. Studies such as [9–11] focus on the limiting
case of high Gr using boundary layer assumptions. Clas-
sical analytical treatments of natural convection around
spheres at small Gr using matched asymptotic expan-
sions may be found in [12–14] while experimental studies
of natural convection around a heated sphere at small Gr
have been conducted in [15–17] among others. These ex-
periments were focused on measuring heat transfer and
do not report measurements of drag on the sphere due to
the fluid flow induced by natural convection.
A widely used set of simplifying assumptions is the
Boussinesq approximation [18] which is valid when
∆ρ/ρ  1, where ρ denotes fluid density and ∆ρ de-
notes the change in density. A central theme of this pa-
per is to study scenarios where the heat addition to a
variable density fluid is not small and thus the Boussi-
nesq approximation does not hold. Since the density is
allowed to vary along with all other fluid properties, the
flow does not remain incompressible but has a finite rate
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2of dilatation.
Spjut [19] showed that the drag on a particle induced
due to natural convection can be as great as the parti-
cle weight while [20–22] numerically calculated the drag
due to natural convection on a heated sphere by solving
the full Navier-Stokes equations in the regime where the
Boussinesq approximation is valid. Dudek, et al. [23]
experimentally replicated the study of [20, 21] using an
electrodynamic balance.
The details of natural convective flows over surfaces
and the characteristics of the resulting plume based on
Gr have been studied experimentally in [24–26]. It is
known from analytical solutions that in the absence of
buoyancy forces (Gr = 0) and small Re (Re  O(1)),
the effect of heat transfer can be evaluated by computing
the Nusselt number (Nu) which has a value of 2. As Re
increases, a Re correction is required which was evaluated
by [27]. In the limit of Gr → 0, both perturbation and
asymptotic expansion methods have failed [27] to yield
solutions for Nu with the generality of that obtained in
[28] for small Peclet numbers (Pe). Boundary layer ap-
proximations have been used for large Gr [29–31].
The setup of placing a heated sphere in a uniform
flow has been termed forced convection in literature.
Many experiments and accompanying analytical stud-
ies have been carried out investigating both natural and
forced convection on a variety of surfaces like spheres, flat
plates, cylinders, sharp corners, and surface depressions
when boundary layer approximations on these surfaces
are valid. Forced convection in the absence of buoy-
ancy with isothermal wall boundary conditions over a
sphere and the resulting drag on the sphere has been
studied in [1] using numerical simulations in the regime
10−3 ≤ Re ≤ 10.
The coupled problem of placing a heated sphere in a
uniform flow in the presence of gravity is called mixed
convection. Scaling the terms in the momentum equation
reveals that if Gr/Re2  1, forced convection can be
ignored; if Gr/Re2  1, free convection can be ignored
while if Gr/Re2 ≈ 1, the regime is that of combined
forced and free convection. Depending on the domain
of application and physical phenomena of interest, the
effect of buoyancy can be scaled differently resulting in
different non-dimensional numbers.
In geophysics, the ratio of buoyancy and flow
shear terms is called the Richardson number, Ri =
(g/ρ)((∂ρ/∂z)/(∂u/∂z)2), where, g is the acceleration
due to gravity, ρ is the ambient fluid density, u is the fluid
velocity, and z is depth. In the design of chemical process
reactors and fluidized beds, the ratio of buoyancy and vis-
cous forces on a body is called the Archimedes number,
Ar = gL3ρ∆ρ/µ2, where, ∆ρ is the density difference in
a fluid of ambient density ρ owing to heat transfer due to
a temperature difference ∆T , L is a characteristic length
of the body, and µ is the fluid’s dynamic viscosity. When
the density difference, ∆ρ, obeys ∆ρ/ρ = β∆T , where β
is the volumetric thermal expansion coefficient, Ar = Gr
and Ri = Gr/Re2. Thus, in thermal convection litera-
ture, Ri has been interpreted as the ratio of gravity forces
(corresponding to natural convection) and inertia forces
(corresponding to forced convection).
In mixed convection, the direction of gravity and its
relative orientation with respect to the direction of the
freestream velocity plays an important role. When the
buoyant motion is parallel to the direction of velocity,
the flow is called aiding flow. If the buoyant motion and
forced motion are anti-parallel, the flow is called opposing
flow. In the limit of Re→ 0 and Gr = O(Re2), assuming
the flow is incompressible and that Boussinesq approxi-
mations hold, the effect of aiding and opposing buoyancy
on creeping flow has been obtained using the method of
matched asymptotic expansions by [13] and numerically
by [32].
The unsteady counterpart of this problem with similar
assumptions has been studied for moderate Re and small
Gr such that Gr/Re2 ≤ 40. At higher Re, aiding flow
delays the separation point further aft on the sphere while
opposing flow moves the point forward [32]. Studies have
documented the effects of aiding and opposing flow when
Re = O(100) and O(100) < Gr < O(1000). Notable
among these are [17, 33, 34] studying mixed convection
at moderate Re and Gr on spheres, and [35, 36] studying
the corresponding behavior on cylinders.
Motivated by recent interest in aerosol applications,
flow features and dynamics due to mixed convection past
a heated sphere have been studied numerically in the
regime where Boussinesq assumptions hold for moderate
Re by [37–39] while the transition to turbulence at higher
Re has been investigated in [40]. The effect of Pr and Ri
on mixed convection around a heated sphere at moderate
Re was studied by [41] for fluids with a power-law for
viscosity variation assuming small density variations so
that Boussinesq assumptions hold.
It has been aptly stated in [27] that additional studies
are needed to elucidate the intricate physical phenomena
involved in mixed convection. In this paper, we inves-
tigate the effects of heat transfer and buoyancy on the
drag of a spatially fixed heated spherical particle with
isothermal wall boundary conditions in mixed convection
at low Re for a variable property fluid without making
any approximations or assumptions on the resulting den-
sity variation or the magnitude of heat transfer from the
sphere into the fluid. It is then instructive to ask: How is
the drag on a heated sphere in a slow flow modified when
gravity is present? Does the drag increase or decrease?
Why? How does the orientation of gravity relative to
the free-stream affect the drag? Fully resolved simula-
tions are used to quantify the effects of heat transfer and
buoyancy to answer the questions posed above.
While preliminary simulations have been performed for
cooled spheres, the results and analysis presented in this
paper are only for heated spheres. The rest of the paper
is organized as follows. Section II sets the stage by de-
tailing the governing equations that are solved and the
notation used in this paper. Section III discusses the de-
tails of the observed drag modification of a heated parti-
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FIG. 1. A schematic of the computational setup (not to scale).
All contour plots in this paper are on the xy-plane in the
reference frame shown with origin at the sphere’s center.
cle in the presence of buoyancy using scaling arguments,
parametric studies, the qualitative impact on flow fea-
tures around the particle, and the model problem of a
falling sphere under the influence of gravity. Section IV
summarizes the results along with concluding remarks.
II. GOVERNING EQUATIONS, NOTATION,
AND NUMERICAL SOLUTION
A spatially fixed, heated spherical particle (radius R,
diameter D = 2R) is placed in a fluid with variable den-
sity (ρ), dynamic viscosity (µ), and thermal conductivity
(κ) which only vary with temperature (Tg) of the fluid.
A uniform velocity, U∞, is prescribed far away from the
fixed particle. Imposing a particle temperature, Tp, dif-
ferent from the ambient fluid temperature, T∞, at time
t = 0, compressibility effects are important and manifest
as an acoustic front at small times [42] while fluid motion
occurs at much lower speed behind this front allowing for
a low Mach number (Ma) limit (Ma → 0) formulation
of the Navier-Stokes equations [43] which is used in this
paper.
The particle Biot number (ratio of heat conduction re-
sistance to heat convection resistance) is assumed to be
small (Bi  1) implying that the particle is uniformly
at the same temperature and cannot sustain any radial
or angular (azimuthal or polar) gradients. Furthermore,
conduction from the particle to the fluid and convection
of the heat thereof is the only mode of heat transfer be-
tween the particle and the fluid. The fluid is assumed
to be optically thin and in the absence of other parti-
cles, there is no scattered or incident radiation. An order
of magnitude analysis [44] shows that heat transfer from
the sphere due to radiation can be ignored compared to
the heat transfer due to convection for the range of Tp
considered in this paper. The creeping flow limit (Re is
O(1) and smaller) is of special interest.
Assuming the fluid as air (Pr ≈ 0.7), the full 3D, vari-
able density, low Ma equations [43] delineated below are
solved for the fluid using the approach in [45] without
making any assumption on the amount of heat addition
from the sphere into the fluid or the relative magnitude
of the body force with respect to the forces solely due to
fluid motion (characterized by the Froude number, Fr).
∂tρ+ ∂xj (ρuj) = 0 (1a)
∂t(ρui) + ∂xj (ρuiuj) = −∂xip+ ∂xjτij + ρgi (1b)
τij = µ
(
∂xjui + ∂xiuj − 2/3δij∂xkuk
)
(1c)
∂t(ρCvTg) + ∂xj (ρCpTguj) = ∂xj
(
κ∂xjTg
)
(1d)
P = P0 + p = ρRTg (1e)
In the above equations, ui is the i
th component of the
fluid velocity vector ~u (the x, y, z components are also
denoted by u, v, and w, respectively), p is the sum of
the hydrostatic and hydrodynamic pressure, P0 is the
thermodynamic pressure, R is the ideal gas constant for
air, gi is the component of gravity in the i
th direction,
Cv is the isochoric specific heat capacity, and Cp is the
isobaric specific heat capacity. The total pressure is P
where, in the low Ma limit, p  P0. Cp and Cv are
assumed to be constants.
In the limit Ma → 0, the second term of the energy
equation includes the pressure work term in addition to
the internal energy which evaluates to the enthalpy CpTg
[43]. Heating due to viscous dissipation is negligible [46].
A power law [47] is used to model the dynamic viscosity
as a function of temperature given by µ = µ0 (Tg/T0)
n
,
where µ is the viscosity at temperature Tg and µ0 is the
reference viscosity at a reference temperature T0. For
air, µ0 = 1.716 x 10
−5 kg/m-s, T0 = 273 K, and n =
2/3. The variation of thermal conductivity is given by
κ(Tg) = µ(Tg)Cp/Pr.
It must be noted that there are other widely used cor-
relations for µ and κ of air in the range of temperatures
of interest in this paper which may be more accurate at
higher temperatures and therefore induce small discrep-
ancies in the drag values reported in this paper at these
temperatures. The specific heats and Pr are also func-
tions of temperature, albeit the variation of these quanti-
ties in the range of temperatures of interest in this paper
are below 10% and will only result in small discrepancies
in the drag values reported in this paper. However, these
small discrepancies do not affect the analysis presented
in this paper.
Figure 1 shows a schematic of the numerical setup
which consists of a sphere of radius R held spatially fixed
at a fixed temperature inside a cubic box large enough
such that 99% of the free-stream velocity is recovered
at the outlet for the Re range of interest in this paper.
(ˆi, jˆ, kˆ) denote the unit vectors along the (x, y, z) axes in
the reference frame shown in the figure, respectively. All
contour plots in this paper are on the xy-plane in the
reference frame shown with origin at the sphere’s cen-
ter. All descriptions of the orientation of vectors (for
example, forces, gravity, velocity, etc.) are in the refer-
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FIG. 2. Contours of normalized x-component of the velocity,
u/U∞, for an unheated (λ = 0) sphere for Re = 0.01, 0.1, and
1 in the absence of gravity (Fr =∞).
ence frame shown in figure 1. Except for the presence
of the body force term in the momentum equation, the
computational setup is identical to [1]. The reader is re-
ferred to [48] for more details on the choice of the size
of the domain, construction of the computational mesh,
and verification and validation of the numerical code.
Our study aims to quantify the effect of heat transfer in
the presence of gravity on the drag of a heated sphere in
the low Re, low Bi, and low Ma regime. The governing
parameters of the problem are the inflow Reynolds num-
ber based on D (Re), the Boussinesq parameter (λ), and
the Froude number (Fr). The inflow Reynolds number is
defined as Re = ρ∞U∞D/µ∞. The Boussinesq parame-
ter [43, 49] is defined as the difference between the parti-
cle temperature, Tp, and the ambient temperature of the
gas, T∞, normalized by T∞ so that λ = (Tp − T∞)/T∞.
The Froude number is defined as the ratio between in-
ertial and buoyancy forces evaluated in the presence of
heat transfer so that Fr = U∞/
√
λgD. The subscript ∞
denotes the values of the parameters in the far-field.
Note that λ = 0 corresponds to isothermal conditions
(which, in the absence of buoyancy, is Stokes’ flow) and
λ 1 corresponds to the Boussinesq regime where small
temperature changes cause small density changes. In
the absence of buoyancy, λ = 0.1, max(∆ρ/ρ) ∼ 10%
while at λ = 0.2, max(∆ρ/ρ) ∼ 18% meaning that non-
Boussinesq effects become dominant when λ > 0.1.
The parameter specification and numerical formulation
of the code are non-dimensional thereby yielding general-
izable results. The pressure drag (~FP ) and viscous drag
(~FV ) is evaluated on the surface of the sphere, ∂S, as
~FP =
∮
∂S
(p − p∞)I¯ · ~n dS and ~FV =
∮
∂S
τ¯ · ~n dS,
respectively, where ~n is the surface normal vector. In
literature, reporting the non-dimensional drag as the co-
efficient of drag using the inertial scaling is most popular.
We will adopt this convention for reporting the computed
drag values. An alternative approach is to use the coeffi-
cient of drag using the viscous scaling. Both are however
equivalent by a multiplicative constant of Re/4. Letting
SI = (1/2)ρ∞U2∞
pi
4D
2, the inertially scaled coefficient of
drag may be computed as CD = (|~FP + ~FV |)/SI .
In the sections that follow, comparisons are made be-
tween the drag of an unheated sphere with that of a
heated sphere. For the heated sphere, the drag is cal-
culated for forced, natural, and mixed convection setups.
C0D = C
0
D(Re) denotes the drag on an unheated sphere
and is a function only of Re. CFD = C
F
D(Re, λ) de-
notes the drag of a heated sphere in forced convection,
CND = C
N
D (λ, Fr) denotes the drag in natural convection,
while CMD = C
M
D = C
M
D (Re, λ, Fr) denotes the drag in
mixed convection. While values of C0D and C
F
D are di-
rectly available from tables 2 and 3 in [1], correlations
can also be used. Given the range of Re and λ of interest
in this paper, we use the Clift-Grace-Weber correlation
[27] for C0D and the correlation proposed in [1] for C
F
D
which are C0D = 24(1+0.1315Re
0.82−0.05 log10 Re)/Re and
CFD = C
0
D + 10.7672λ
0.9673Re−0.9529, respectively.
Since the effects of the orientation of gravity is also
studied, the drag coefficient is associated with a sign de-
noting directionality. Drag coefficients associated with
forces along the +x or +y axes are denoted with a +
sign while those associated with forces along the −x or
−y axes are denoted with a − sign. In section III C, CxD
and CyD denote the components of the computed total
drag in mixed convection along the x and y axes, respec-
tively.
To aid the explanation of and to help contrast the ef-
fects of buoyancy on the features of the flow around the
heated sphere, which are shown via contour plots pre-
sented later in this paper, contours of the normalized
x-component of velocity (u/U∞) for Reynolds numbers
Re = 0.01, Re = 0.1, and Re = 1 are shown in figure 2
when the sphere is not heated and gravity is absent. The
corresponding contours of pressure and vorticity may be
found in [48].
III. DRAG MODIFICATION OF A HEATED
SPHERE IN THE PRESENCE OF GRAVITY
When a sphere immersed in a variable density fluid
is heated, the fluid in the near vicinity of the sphere is
warmer than the surrounding fluid and therefore has a
lower density. In the presence of gravity, this warm fluid
has the tendency to migrate in the direction opposite to
gravity as the colder heavier fluid occupies its position.
This migration of the fluid imparts a viscous pulling force
on the sphere in addition to a force due to the additional
pressure difference caused by the fluid movement. The
viscous pulling on the sphere reduces the inertial drag on
the particle from the convective flow when the direction
of gravity is aligned to the direction of the background
flow while it enhances drag on the sphere when the di-
rection of gravity is reversed from the direction of the
background flow. Depending on the reference pressure
chosen for x = 0, presence of buoyancy also adds a hy-
drostatic component to the pressure at every point in the
domain. There is also a net pressure force on the body
which is the Archimedian buoyancy force.
The contribution of these forces depends on the Re,
λ, and Fr of the flow and the gradients in the variable
properties of the fluid. The variable properties are as-
5sumed to vary only with temperature in this paper and
thus they vary only as a function of λ. These forces need
to be incorporated into the total drag calculation while
also assessing the partial contributions from each of the
components.
A parametric study using fully resolved simulations of
the heated particle is carried out to obtain the modified
component-wise drag when the direction and magnitude
of gravity is varied. The direction of the gravity vector
may be chosen by specifying its components along the
three axes in the reference frame shown in figure 1. For
all computations presented in this paper, the background
flow velocity is U∞iˆ, where U∞ is determined by Re.
In this paper, we focus our attention on three canon-
ical cases: (i) Aligned Gravity : The direction of gravity
is aligned with the direction of the far-field uniform flow
(~g = |~g|ˆi) and thus the flow induced by gravity opposes
the background uniform flow, (ii) Reversed Gravity : The
direction of gravity is anti-parallel to the far-field uniform
flow (~g = −|~g|ˆi) and thus the flow induced by gravity
aids the background uniform flow, and, (iii) Perpendicu-
lar Gravity : The direction of gravity is perpendicular to
the direction of the far-field uniform flow (~g = |~g|jˆ). In
the range of Re, λ, and Fr investigated in this paper, the
direction of gravity influences the sign of the buoyancy
correction term.
Although both aligned and reversed gravity setups are
simulated, the aligned gravity setup is presented in more
detail compared to the reversed gravity setup for brevity
since the observations made in both setups are similar.
Fully resolved simulations solve the full Navier-Stokes
equations (1a), (1b), (1d), and (1e) in three dimensions
with the body force term added.
A. Scaling the viscous pull opposite to gravity
Section 3.1 in [1] demonstrates that variable density
effects are important in a fluid when β∞λT∞Re/γ∞ 
Ma2, where β∞ is the fluid’s bulk expansion coefficient
evaluated at the far-field temperature. Specifically, it is
shown that variable density effects are important in air.
An exhaustive set of simulations, detailed in [48], were
carried out to assess the steady state density changes
that result around a heated sphere placed in a uniform
flow in the presence of gravity as Re, λ, Fr, and the
direction of gravity are varied. Figure 3 shows contour
plots of the appropriately normalized density for three
chosen cases while contour plots for other simulated cases
are documented in [48].
It is observed that when Re < 0.1 and 0 ≤ λ ≤ 2,
the density field remains close to spherical (eccentricity
of the contours is below 0.07) despite a three decade vari-
ation in Fr from 0.1 to 10. The temperature field mim-
ics this behavior since in the limit Ma → 0, the total
pressure is almost constant and dominated by the ther-
modynamic pressure leading to temperature and density
varying inversely following equation (1e). The small ec-
(a) Fr = 10 (b) Fr = 1 (c) Fr = 0.1
FIG. 3. Contours of normalized density, ρ/ρ∞, over a 3 decade
variation in Fr (equivalently ReBI) while Re and λ are fixed
at Re = 0.1, λ = 0.5 in the aligned gravity setup.
centricity is a manifestation of the Oseen correction terms
(small convective corrections) which are important when
r ∼ O(R/Re) (r being the radial coordinate with respect
to the center of the sphere) in the absence of which, one
would be solving a simple heat equation with spherically
symmetric boundary conditions yielding exactly spheri-
cal contours.
This observation suggests that the convective terms in
the momentum equation (1b) takes the form of linearized
Oseen-like correction terms so that in the low Re, low
Ma limit, the steady state momentum equation can be
simplified to
ρU∞~i · ∇~u+∇p = ∇ · τ¯ + ρ~g (2)
where, τ¯ = µ
(
∇~u+ (∇~u)T − 2/3 (∇ · ~u) I¯
)
and I¯ is the
identity tensor. A scaling analysis of each term in equa-
tion (2) can help understand the conditions under which
these contributions balance and conditions under which
a particular contribution dominates. At small Re, the
Oseen correction terms are small compared to the other
terms in equation (2). Assuming the orientation of grav-
ity is either aligned or reversed compared to the back-
ground uniform flow, the buoyancy term, B = ρ~g, in-
duces migration of the warm and lighter fluid in the
near vicinity of the sphere in the direction opposite to ~g,
thereby imparting a viscous pulling force on the sphere.
Define the characteristic fluid velocities due to this
induced motion as the buoyancy induced viscous veloc-
ity, UBV , and the buoyancy induced inertial velocity,
UBI , which are obtained by scaling B with the vis-
cous and pressure contributions in equation (2), respec-
tively. Thus, λg ∼ UBV ν∞/D2 =⇒ UBV ∼ λgD2/ν∞
and λg ∼ U2BI/D =⇒ UBI ∼
√
λgD. Based on
these velocity scales, define the buoyancy induced viscous
Reynolds number, ReBV , and the buoyancy induced in-
ertial Reynolds number, ReBI , as ReBV = UBVD/ν∞ =
λgD3/ν2∞ = (Re/Fr)
2
and ReBI = UBID/ν∞ =√
λgD3/ν∞ = Re/Fr, respectively. This allows for con-
veniently relating all governing parameters Re, Fr, and
λ of the mixed convection problem via either of ReBI or
ReBV as ReBV = (Re/Fr)
2
= Re2BI . ReBI allows us
to compress the large parametric space of Re, Fr and λ
into a single parameter.
6Note that the form of ReBV is very similar to that of
the Grashof number, Gr, which is the dimensionless num-
ber denoting the ratio of buoyancy and viscous forces and
is used widely in problems involving natural convection.
The Grashof number is Gr = gβ(Tp − T∞)D3/ν2∞ where
β = β(T ) = −1/ρ (∂ρ/∂T )p is the coefficient of thermal
expansion of the fluid and is a strong function of temper-
ature. For ideal gases, β ≈ 1/Tg and thus ReBV ≈ Gr.
However, this is not true for other fluids and the func-
tional relationship of β on T could be more complex.
For this reason, we will use ReBV (or equivalently ReBI)
instead of Gr in our analysis.
B. Mixed convection as linear superposition of
forced and natural convection at low Re
A parametric study in the range 10−3 ≤ Re ≤ 10,
0 ≤ λ ≤ 3, and 0.1 ≤ Fr ≤ 10 of the governing pa-
rameters using fully resolved simulations of the heated
particle is carried out to obtain the detailed breakdown
of component-wise drag in mixed convection. The corre-
sponding cases of natural convection are also simulated
while the corresponding case of forced convection is avail-
able from analysis carried out in [1]. The results from
these simulations are tabulated in tables I, II, and III
in section A of the appendix. Tables I and II summa-
rize the results for aligned gravity cases while table III
summarizes the results for reversed gravity. In addition
to the drag in mixed convection, the tables also show
the corresponding values for the drag on the sphere in
forced (same Re and λ as in mixed convection) and nat-
ural convection (same λ and Fr as in mixed convection).
All drag coefficient values use the inertial scaling. The
qualitative observations from tables I, II, and III and lin-
ear superposition analysis presented in this section has
been summarized in figure 5.
It is observed that in the regime {{ReBI < 0.1} ∪
{ReBI > 10} ∪ {{0.1 < ReBI < 10} ∩ {Re < 0.1}}}, the
drag on a heated sphere in mixed convection at a given
Re, λ, and Fr can be analyzed and understood as the
superposition of the drag on a heated sphere in uniform
flow (forced convection) with the same Re and λ as in
mixed convection, and the drag on a heated sphere in
natural convection in the presence of gravity at the same
λ and Fr as in mixed convection. Note that the drag
reported in natural convection, CND is the sum of the
hydrostatic component and the hydrodynamic (inertial
and viscous) components. From the scaling analysis in
section III A on the terms in equation (2), it is seen that
the Oseen correction term scales as Re2, the pressure and
viscous terms scale as Re while the buoyancy term scales
as ReBV = Re
2
BI .
Based on this scaling, we expect that when Re <
O(1), the Oseen correction term is small and the pres-
sure and viscous contributions are comparable. When
Re  Re2BI , the presence of gravity does not influence
the total drag and thus forced convection serves as a good
approximation to mixed convection. On the other hand,
when Re  Re2BI , the contribution from gravity domi-
nates the total drag and thus natural convection serves
as a good approximation to mixed convection. Our fully
resolved numerical simulations corroborate these expec-
tations as can be seen from tables I and III. The regime
where 0.1 < ReBI < 10 is a regime where both forced and
natural convection contributions are important and the
numerical simulations help shed light on how they mea-
sure up to explain the drag in mixed convection. From
the tables in section A of the appendix, it is seen that the
drag on a heated sphere in mixed convection can be de-
scribed within ±10% error by delineating three distinct
regimes determined by the value of ReBI .
The first regime is when ReBI < 0.1, which is the lower
extremal regime. In this regime, Fr is large compared to
Re. This means that convective effects dominate and
overpower buoyancy effects. Flow of the fluid around
the particle is strongly modified in the presence of heat
transfer from the particle as demonstrated in [1]. The
drag experienced in forced convection accounts for more
than 95% of the drag in mixed convection implying that
drag modification is dominated by heat transfer effects
compared to buoyancy effects.
The second regime is when ReBI > 10, which is the
higher extremal regime. In this regime, Fr is small com-
pared to Re and thus the buoyancy effects overpower
convective or heat transfer effects. The drag experienced
in natural convection explains more than 95% of the to-
tal drag on the particle in mixed convection implying
that drag modification is dominated by buoyancy effects
compared to heat transfer effects. These observations
are consistent with the conclusions that are drawn from
the scaling argument presented above for the terms that
contribute to the total drag on the particle.
The third regime is the one in between these two ex-
tremes, 0.1 < ReBI < 10. This is the regime where we
have an honest competition between the two competing
sources of drag modification. It is seen from the tables I
and III that the drag in mixed convection in this regime
can be explained within ±10% error with linear super-
position of the drag from natural and forced convection
when Re ≤ O(0.1). This is an intriguing observation and
is a manifestation of the linear nature of the momentum
equation (2) in the low Re, low Ma limit when the non-
linear convective Oseen-like corrections are small.
At larger Re, the convective terms in the momentum
equation are no longer sufficiently explained by Oseen-
like corrections. This implies strong, nonlinear coupling
between the governing equations leading to the break-
down of the superposition hypothesis. Cases where the
linear superposition breaks down due to strong nonlinear
coupling between variable fluid properties and buoyancy
effects are shown in table II.
We can extend the idea of linear superposition by ob-
serving that the effect of buoyancy when ReBI < 0.1 and
the effect of heat transfer when ReBI > 10 are negligi-
ble and linear superposition also holds well in these two
7FIG. 4. Contours of normalized x-component of velocity, u/
√
λgD. The top and bottom rows shows the contours in the aligned
and reversed gravity setups, respectively. Figures (a) and (e) are contours for a base case when Re, λ,ReBI = 0.1. Figures
(b),(f) demonstrate the effect of buoyancy by increasing ReBI to 1, figures (c),(g) demonstrate convective effects by increasing
Re to 1, and figures (d),(h) demonstrate heat transfer effects by increasing λ to 0.5.
regimes. The values highlighted in bold in tables I and
III identify the candidates (chosen between CFD, C
N
D , and
CFD+C
N
D ) that accurately characterize the total observed
drag on the sphere in mixed convection within ±10% er-
ror.
The success of linear superposition implies that while
evaluating drag on a sphere in the low Re, low Ma limit,
it is sufficient (within ±10% error) to use the correlations
developed in [1] for a heated sphere in forced convection
and the correlations or data tables developed in literature
for drag on a sphere in natural convection (for example,
[26]) to account for the total drag experienced by the
particle. In other words, to a good approximation (within
±10 % error), the drag modification due to heat transfer
and the drag modification due to buoyancy are decoupled
in this limit.
The qualitative effects of varying Re, λ, and Fr on
the features of the flow can also demonstrated by vi-
sualizing the appropriately normalized contours of the
x-directional velocity component, u/
√
λgD. Figure 4
shows the contours of u/
√
λgD for both aligned and re-
versed gravity setups. When Fr > 1, all effects are con-
fined to a region about 15R around the particle and are
therefore localized effects. However, as Re and ReBI in-
crease, the plumelets begin to establish a larger scale to
themselves. Strong counter-rotating vortices form in the
plumelet when Fr = 0.1 as seen in figure 4(b). Due to
significant variation in fluid density, the flow is not in-
compressible but has finite rate of dilatation. Contours
of the appropriately scaled rate of dilatation, along with
contour plots of other quantities like density, tempera-
ture, and vorticity are documented in [48] and are omit-
ted in this paper for brevity.
It is observed that as ReBI increases, the density and
ReBI
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FIG. 5. Summary of linear superposition analysis of drag on
a sphere in mixed convection in Re-ReBI parameter space.
temperature variation becomes more concentrated near
the particle. Figure 4 allows for a qualitative investi-
gation into the individual manifestation of the effects of
buoyancy, background uniform flow, and heat transfer
from the particle in the flow features around the particle.
It was demonstrated in [1] that while both heat transfer
and convective effects increase the fore-aft asymmetry in
the velocity field (in contrast to the symmetric velocity
field resulting in Stokes’ flow), increasing λ causes asym-
metry on the anterior stagnation side of the particle while
increasing Re causes asymmetry on the posterior stagna-
tion side. This observation holds even in the presence of
8gravity.
Letting figures 4(a),(e) be the base case where
Re, λ,ReBI = 0.1, anterior asymmetry results when λ
in increased to 0.5 as seen in figures 4(d),(h) while pos-
terior asymmetry results when Re is increased to 1 as
seen in figures 4(c),(g). In section III A, it was argued
that presence of gravity results in an additional force on
a heated sphere due to the viscous pull caused by the
migration of warm fluid near the particle in the direc-
tion opposite to gravity which scales with ReBI . This
fluid movement can be visualized when figures 4(a),(e)
and 4(b),(f) are compared. Increasing ReBI from 0.1 to
1 manifests as strong vortices near the particle that con-
tribute to increased drag.
C. Test of decoupled drag contributions: Gravity
perpendicular to background uniform flow
Encouraged by the accuracy of approximating the total
drag in mixed convection as the linear superposition of
the drag in forced and natural convection in the aligned
and reversed gravity setups, the regime of validity of this
decomposition when gravity is perpendicular to the back-
ground uniform flow is investigated in this section. This
setup has also been referred to as crossflow in literature.
With reference to the coordinate axes in figure 1, uni-
form flow is in the +x direction while gravity is in the
+y direction. The Froude number in this case is the ratio
of the far-field convective velocity (in the +x direction)
and the velocity induced due to presence of buoyancy (in
the −y direction).
Table IV shows the values of the x and y compo-
nents of the drag in mixed convection in crossflow along
with the corresponding drag values in forced and nat-
ural convection. We observe from our simulations that
linear superposition holds within ±10 % error when ei-
ther (i) ReBI < 0.1, ReBI > 10 or, (ii) Re  1 when
0.1 < ReBI < 10. This observation is analogous to the
observation in the previous subsection.
When Re  1, the convective terms in the momen-
tum equation are small and negligible. These convective
terms are the primary source of nonlinearities. In the
absence of these terms, the momentum equation is a lin-
ear equation and coupled to the other equations only via
the density. When in addition λ is small, the contribu-
tions from buoyancy and inertia linearly add to give the
resultant total force on the sphere. However, even when
Re  1 but λ increases, non-Boussinesq effects become
large and the linear approximation is no longer valid.
To summarize, when Re 1 and λ→ 0, the linear su-
perposition of the drag from forced and natural convec-
tion is a good approximation (within ±10 % error) to the
total force in mixed convection even when the body force
is not parallel to the direction of the far-field imposed
uniform flow. Thus, in the general case when gravity is
at an angle θ with the direction of the far-field uniform
flow, we can decompose the buoyancy force as having a
component g cos θ in the direction parallel to the imposed
far-field uniform flow and a component g sin θ in the di-
rection perpendicular to the flow. The former becomes a
case of mixed convection while the latter becomes a case
of natural convection. Under the constraints on Re, Fr,
and λ discussed above, if linear superposition holds, then
the drag due to these two components can be computed
separately from the correlations and linearly superposed
to obtain the total drag on the spherical particle with the
error margins mentioned above.
Figure 6 qualitatively demonstrates the validity of lin-
ear superposition of the flow features of the forced and
free convection problems yielding the mixed convection
problem where the y-component of the velocity has been
plotted for the case when Re = 1, λ = 0.1, and Fr = 0.1.
Similar plots of velocity and other quantities for all the
cases in table IV may be found in [48].
D. Implications for a falling heated sphere
Given the values of the drag coefficient when gravity
is anti-parallel to the far-field uniform velocity in table
III, one way to measure the impact of the drag modifica-
tion is to compare the terminal velocity of an unheated
particle (denoted by u0T ) falling due to gravity with that
of a heated particle falling under gravity, both starting
from rest. Combining the analysis in [1] and this pa-
per, we can evaluate the terminal velocity taking only
heat transfer effects into consideration (denoted by uHT )
as well as the terminal velocity taking both heat trans-
fer and buoyancy effects into consideration (denoted by
uHBT ) as the parameters Re, λ, and Fr are varied. Note
that u0T depends only on Re, u
H
T discussed in [1] depends
on Re and λ, and uHBT incorporating buoyancy effects
discussed in this paper depends on Re, λ, and Fr.
If the fluid density is ρf , particle density is ρp, par-
ticle volume is V , terminal velocity of the falling par-
ticle is u∞, drag coefficient is CD, acceleration due
to gravity is g, and particle diameter is D, the equa-
tion [50] governing the falling particle at steady state is
u2∞CD = (1− ρf/ρp) g (4ρpD/3ρf ). If ρf , ρp, g, and
D are constant, then ξH = u
H
T /u
0
T =
(
C0D/C
F
D
)0.5
and
ξHB = u
HB
T /u
0
T =
(
C0D/C
M
D
)0.5
. For a falling particle
under the influence of gravity, CMD can be obtained from
table III and the hydrostatic drag component removed to
obey the governing equation stated above.
Evaluating ξH and ξHB for the parametric variation of
Re, λ, and Fr denoted by the first 4 rows in table III, we
obtain ξH = 0.982, 0.983, 0.982, and 0.914, respectively,
while ξHB = 0.978, 0.981, 0.948, and 0.887, respectively.
All values have been rounded off to 3 significant dig-
its. As expected, the higher drag when heat transfer and
buoyancy are present result in u0T > u
H
T > u
HB
T . These
effects are more pronounced for larger particles, smaller
Fr, and larger values of λ.
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FIG. 6. Contours of y-directional velocity, v/
√
λgD, for (a) forced convection at Re = 1 and λ = 0.1, (b) natural convection at
λ = 0.1 and Fr = 0.1, (c) mixed convection at Re = 1, λ = 0.1, and Fr = 0.1, and (d) linear superposition of the forced and
natural convection contours.
E. An aside on vorticity in the presence of gravity
In the case of a variable density, variable property fluid,
the vorticity (~ω) equation can be obtained by taking the
curl of the momentum equation (1b) which at steady
state becomes
ρ (~ω(∇ · ~u)− (~ω · ∇)~u) = ∇ρ× ~g +∇× (∇ · τ¯) (3)
where, τ¯ = µ
(
∇~u+ (∇~u)T − 2/3 (∇ · ~u) I¯
)
and I¯ is the
identity tensor. For the viscous terms in equation (3) to
be O(1), the inertial terms (convection, stretching, and
tilting terms) scale as Re while the contribution from
buoyancy scales as ReBV /Re.
To contrast this with Stokes’ flow where the particle is
at the same temperature as the fluid, the vorticity equa-
tion reduces to ∇2~ω = 0. In the present case however,
the vorticity equation has source terms owing to the con-
tribution from buoyancy, variable density, and variable
viscosity effects. Scaling analysis of equation (3) helps
to revisit earlier observations in a new light as discussed
below.
We observe from figures 4(b) and 4(f) that when ReBI
is large, the migration of the warm fluid in the near
vicinity of the particle surface in the direction oppo-
site to gravity results in the formation of a plumelet - a
plume-like structure formed due to counter-rotating vor-
tices in the presence of gravity which does not manifest
as a full plume due to the low Re of the flow. These
counter-rotating vortical structures in the plumelets be-
come stronger as the Froude number decreases further
(which is equivalent to saying that buoyancy effects be-
come stronger and begin to dominate). From the scaling
arguments presented above, it is clear that the gravita-
tional contribution will dominate when ReBV  Re =⇒
Re Fr2 which is consistent with our observation that
the Froude number must be small for buoyancy terms to
dominate.
Equation (3) also explains the validity of the low Re,
low Ma, perturbation method used in [1] to explain the
drag modification of a heated sphere in the limit Re→ 0
in the absence of buoyancy. The inertial terms that scale
as Re are small and negligible in this limit. For small but
non-zero λ, equation (3) boils down to ∇2ω = 0 at the
first order and thus, the first order velocity correction
is irrotational. The rotational part is completely con-
tained in the Stokes-Oseen component. However, as λ
increases, the velocity correction term no longer remains
irrotational and the explanation power of the perturba-
tion model starts diminishing. When 0.01 < Re < 1 and
λ is small, the source terms in the vorticity equation are
small but non-negligible leading to the breakdown of the
perturbation analysis.
IV. CONCLUSIONS
A quantitative and qualitative study of the effect of
heat transfer and gravity on the drag and flow features
of a heated sphere in the low Re and low Ma regime has
been presented assuming that the sphere has small Bi. A
parametric study is performed over the governing param-
eters of the problem namely, Re, λ, Fr, and the orienta-
tion of gravity relative to the background uniform flow.
The quantitative conclusions of this parametric study are
summarized in tables I, II, III, and IV. No assumptions
are made on the amount of heat addition from the sphere
to the fluid or the extent of density variation that takes
place in the fluid.
Using scaling analysis and assuming low Re creeping
flow, the ternary parametric space can be collapsed into
the buoyancy induced inertial Reynolds number, ReBI
(or equivalently the buoyancy induced viscous Reynolds
number ReBV = Re
2
BI). ReBV is shown to be closely
related to the Grashof number. Buoyancy is shown to
have a significant effect on the drag experienced by the
heated sphere due to the force imparted on the sphere by
the migration of the warm, low density fluid in the near
vicinity of the sphere in the direction opposite to gravity.
Large deviations in the value of the drag coefficient (rel-
ative to that of an unheated particle) are observed when
Fr decreases (i.e. buoyancy effects dominate) and/or the
temperature of the sphere increases.
When the direction of gravity is aligned with the direc-
tion of the far-field uniform flow, the drag on the sphere is
reduced compared to the drag in the absence of buoyancy.
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When the direction of gravity is anti-parallel to the direc-
tion of the far-field uniform flow, it enhances the drag on
the sphere compared to the drag in absence of buoyancy.
The parametric study also reveals that in the low Re, low
Ma limit, the mixed convection problem over a heated
sphere in a variable property fluid can be decomposed
into two simpler canonical problems whose linear super-
position explains the drag on the sphere within ±10%
error. These canonical problems are that of drag of a
heated sphere in a uniform flow in the absence of buoy-
ancy (forced convection) and that of drag of a heated
sphere in natural convection.
The linear superposition hypothesis not only holds for
aiding and opposing flow, but also holds in crossflow. It
is also shown that linear superposition extends to the
flow features as well despite their large variation in the
parametric space. The success of linear superposition
is understood as a manifestation of the linear nature of
the momentum equation in the low Re, low Ma limit
where the convective terms are small and are sufficiently
modeled by Oseen-like corrections.
Linear superposition breaks down when nonlinear cou-
pling between variable density and buoyancy effects is
significant and is characterized by the parametric space
{{0.1 < ReBI < 10} ∩ {Re > 0.1}}.
The quantitative implication of accounting for buoy-
ancy effects in the drag of a heated sphere falling due to
gravity is evaluated by comparing its terminal velocity
with that of the terminal velocity of an unheated par-
ticle. Accounting for both heat transfer and buoyancy
effects results in a lower terminal velocity than account-
ing only for heat transfer effects due to the enhanced
drag in the former case. Similar to heat transfer effects
studied in [1], buoyancy effects are more pronounced for
larger particles, smaller Fr, and larger values of λ.
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Appendix A: Tables of Parametric Drag Variation
Tables I, III, and IV list the values of the total drag
on a heated sphere in mixed convection when the grav-
ity vector and the background uniform velocity vector
are parallel, anti-parallel, and orthogonal, respectively
and linear superposition of forced and natural convec-
tion successfully explains the drag in mixed convection
within ±10% error. The values of drag are calculated
over 3 decades of variation in both Re and Fr. Table II
lists cases where linear superposition fails to explain the
mixed convection drag within ±10% error in the aligned
gravity setup.
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